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Closed-Form Error Probability Formula for 
Narrow-Band FSK, with Limiter-Discriminator- 
Integrator Detection, in Rayleigh Fading 
Chun S .  Ng, Member, ZEEE, Tjeng T .  Tjhung, Senior Member, ZEEE, 
Fumiyulu Adachi, Senior Member, ZEEE, and Francois P. S. Chin 
Abstract- We present a new closed-form bit error Drobabil- arrivals. A K-factor. defined as the ratio of the LOS wwer 
itY formula for - W - w  to the multipath power, is used to characterise the €&an- 
in-br fading channel. First, Mason [2], borrowing an idea from 
~ ! ~ m ~ ~ ~  c ~ ~ & ~ ~ ~ e ~ y e ~  Jones [3] that the Rayleigh multipath can be combined with 
the AWGN, applied Pawula et aL's result [4] to obtain the perhnent. 
with limi*-dk&"tor- 
in Rayl&&fading channels. This 
We provide physical explanations, on how system parameters 
such as fading and IF filter bandwidths and FM carrier Erequency 
devi.tionS affect the error performance, not previously available 
in the literature. 
I. INTRODUCTION 
N A RECENT PAPER Tjhung et al. [l] presented an I approximate error rate performance analysis technique for 
narrow-band FSK with limiter-discriminator-integrator (LDI) 
detection in Rayleigh-fading channels. For LDI detection, 
as for differential PSK detection, the decision variable is 
the carrier phase difference over a symbol period. In [l], 
the probability distribution of this phase difference which 
is needed to evaluate the error rate performance was ob- 
tained by first examining the contribution from each of the 
two component phase differences separately. One of these 
phase differences Aq is due to the additive white Gaussian 
noise (AWGN) and the other one A6 is due to the fading- 
induced phase or FM noise. The final distribution was then 
obtained by a convolution operation, assuming that the two 
noises were statistically independent after averaging over the 
Rayleigh multipath amplitude. In [ 11, intersymbol interference 
(ISI) effects resulting from signal bandwidth restriction were 
analysed using a quasi-static method, which was based on the 
assumption that the fading process was slow compared to the 
data rate. 
Recently, them has been notable progress in the error per- 
formance analysis of DPSK and FSK modulations in satellite 
mobile channels affected by Rician fading. The received signal 
in this case is composed of a line-of-sight (LOS) signal 
plus a Rayleigh-faded replica arising from many multipath 
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differential phase distribution for Rician fading channels. His 
work was later refined by Kom [5], who redefined the signal- 
to-noise ratio (SNR), so that the sum of LOS and multipath 
power is considered as a signal power. When the K-factor 
is equal to zero, Mason's differential phase distribution [2], 
for Rician fading channels, reduces to an expression valid 
for Rayleigh-fading environments. Kom [5] obtained a closed- 
form expression for this phase distribution, which was left in 
an integral form in Mason's work [2]. More recently, Kom [6], 
using an idea of "quasi-static" IS1 analysis of 113, presented a 
general error rate perfor" analysis for narrow-band M-ary 
FSK with LDI detection. 
The approach of Mason [2] aml Kom [5], in which the 
Rayleigh multipath is combined with the AWGN has resulted 
in a simple probability distribution for the carrier phase 
difference of the faded signal. However, from the probability 
distribution, it is not straightforward to obtain a physical 
explanation of the individual effects of various system pa- 
rameters; for example, the fading bandwidth fDT and the 
IF filter bandwidth BT, on the error performance. In fact, in 
the numerous number of publications by Mason [2] and Kom 
[5]-[7], only e m r  rate results were presented for these system 
parameters, but hardly any explanation was given on how these 
parameters affect the error performance. 
In this paper, we present B completely closed-form error 
probability formula for narrow-band FSK with LDI detection 
in Rayleigh-fading channels. Following Jones [3] and Mason 
[2], we combine the Rayleigh multipath with the AWGN 
as a new Gaussian process. We then employ the probability 
density function @df) presented by Pawula et aL [2, eq. (B- 
6)], with the LOS signal set to zero, to obtain the pdf of 
the phase difference between two Rayleigh vectors arising 
from a Gaussian process sampled at two instants of time. 
In our case, this pdf is governed by the autocordation 
coefficient of the combined process of the multipath and the 
AWGN. We derive a new expression for this autocorrelation 
coefficient which depends explicitly on the fading and IF filter 
bandwidths and on the SNR. We also derive a new closed- 
form classical cumulative distribution function (cdf), which 
. 
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fig. 1. 'Ihe b i i  FSK system. 
contains no discontinuity, for this phase difference so that the 
error rates may be conveniently computed. It is to be noted that 
the phase distribution function of Fawula et al. [4] or of Kom 
[SI is an auxiliary distribution fandon and is discontinuous 
at a singular p&t, normally aE the differential phase due 
to the message sequence. To apply this auxiliary distribution 
function, one has to keep track of the xange of the differential 
phase before and after this discm&uiq, thus making it is less 
convenient to use. 
Finally we consider two limiting cases when either the 
AWGN or the fading induced phase noise is dominant, so that 
the individual effects of these noises on the error performance 
can be explained. Mcmover, through the dependence of the 
pdf of the phase difference on the Doppler frequency shift and 
the IF filter bandwidth, we can explain physically how these 
pa" affect the error performauce. 
II. QUASI-STATIC ANALYSIS MODEL 
The system under study and the various system and signal 
parameters are shown and defined in Fig. 1. We assume 
many mdtipath waves with identical amplitude arriving at 
the receiver from al l  diredtioIls uniformly. The fading power 
spectrum with a maiimum Doppler ftequency spread of fD 
is shown in Fig. 1. The IF bandpass filter is assumed to have 
a Gaussian passband, with an equivalent noise bandwidth of 
B. A phasor diagram showing the relationship between the 
various phase angles due to the message, the AWGN and the 
multipath is given in Fig. 2. The: passage of the FSK signal 
S,.(t) through the IF filter can be described in a lowpass 
quivalat  form as 
1 -  
Sa(t) = R(t)a(t)eJta(t)*'(r)l+~(t) 
where n(t) = xn(t)+jyn(t) 
Im 
Fig. 2. Phase. angle between two composite Rayleigb vectors. 
the data rate so that (1) can be approximated as 
Now using the IS1 analysis given in [l], [8], we can write (2) as 
~ ( t )  eja(t){a(t) G+(~ ) ) .  (3) 
It should be noted that in (2) and (3), the fading process 
~ ( t )  eja(t) is assumed unchanged after its passage through 
the IF filter. This assumption holds only if the value of f D / B  
is very small, which is true in most pmctical situations. For 
example, consider a 900 Mfl[z carrier frequency and a 100 
k" travelling speed. This results in fo = 83.3 Hz. Further 
assuming a bit rate of 50 kbps, we have a f D / B  value of 
around 0.002. 
where the symbol "*" denotes a convolution operation and 
h(t)  is the lowpass equivalent impulse response of the IF filter. 
For slow fading, R(t) and b(t)  vary so slowly compared to 
11n [I], it is stated b t  (a2(t)) = 1.  his is not true. The cocrect 
statement should be that the low-pass equivalent IF filter output of de(t) is 
a(t)d+@). 
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The analysis in this paper is based on the above approxima- 
tion and is sometimes referred to as “quasi-static” analysis. f(A.1 
1.5 m. PROBABnuTy DISTRIBUTION 
OF CARRIER PHASE DIFFERENCE 
The IF filter output S,(t) is the sum of (3) and a narrow- 
band Gaussian noise n(t) due to the AWGN. By considering 
that So(t) is the sum of two Gaussian random processes and 
assuming uncorrelated noise, we derived in Appendix A, using 
the carrier phase difference at two instants of time, to - T 
and to, as 
’ 
Pawula er aL’s [2, eq. (B-6) as a starting point, the pdf for 1 .o 
where A+ = AB + AT, A6 = B(t,) - 6(to - 2’) and 
Aq = T)(to) - ~ ( t ,  - T), with the angles 6 and 11 defined 
in Fig. 2. The parameter 4~ is an autocorrelation coefficient 
of the combined Gaussian process which takes into account 
the effect of IS1 due to the narrow IF bandlimitation. A new 
expression for & is derived in Appendix A with the result 
in which Jo(-) is the zeroth order Bessel function of the first 
kind, 
(6a) Ci = 0.5[a2(tO - T) + a2(to)], 
Cz = O.5[a2(t, - T )  - a2(to)], 
p = SNR = a,2/0;. 
(6b) 
and 
(7) 
In (7), is the multipath signal power defined in Fig. 1, and 
a: is the Gaussian noise power at the IF filter output. It is 
observed that (4) is functionally equivalent to the pdf due to 
Bramley 191. Curves of f(A$) are shown in Fig. 3 for several 
values of &. From (4) and as can be seen in Fig. 3, f(A+) 
approaches an impulse function as (bT approaches unity, and 
f(A$) tends to be a uniform distribution as +T tends to zero. 
The former occurs when p + 00 and fDT t 0, while the 
latter occurs when p t 0. 
A closed-form expression for the cdf F(A$) of A+ E 
[--A,A], which will be needed to compute error rates, is 
derived in Appendix B with the result 
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0.5 
a 
f 
b - 
a 
b 
d 
e 
f 
C 
I I l l  \ \ \  
@T - 
1 .O (Impulse) 
0.95 
0.9 
0.75 
0.5 
0.0 (Uniform) 
n n  
-7T 7.r A$ 
V . V  
Fig. 3. Plots of the pdf f(A?,6) for various values of &. 
It is to be noted that (8) is a classical probability distribution 
function, a monotonically increasing function with values in 
the range from zero to one. The convenience of using (8) 
instead of the a u x i l i i  phase distributioh function of Pawula et 
al. [4] and of Kom [5] has been highlighted in the introduction. 
IV. BIT ERROR PROBASILrry 
For FSK with LDI detection, a part of the bit error proba- 
bility P,, is contributed by the discrete “click” noise. For large 
SNR, a simple expression for P,, for a positive signal bit, is 
given by Pawula [8], 
Pe Pe,cont +m (9) 
where 
Pe, cont = 1 - F(A$) (10) 
is contributed by thecontinuous phase noise A$, and is the 
average click rate over a symbol duration which was obtained 
by Tjhung er al. [l] as 
with the effect of Rayleigh fading taken into account. A 
discussion on the accuracy of (1 1) is given in Appendix C. 
V. IS1 EFFECTS 
The IS1 effects are introduced into the error probability 
formulae through a2(t) ,  A$(t). and &t). As in [l], we 
compute the bit error rate (BER) for the centre bits of the 
3 bit patterns 111, 010, and 011. We use the expressions for 
4(t) ,  a2(t) ,  A+(t), and m given in [l] with the exception that 
a closed-form formula for mlOl0 is derived in Appendix C 
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here. In [I], the expression for TI010 was left in an integral 
form. 
' ' ' ' ' ' ' ' ' ' ' 1  
h=0.7 
VI. LIMITING CASES 
We now have simpler closed-form formulae for computing 
bit error rate (BER) for narrow-band FSK with LDI detec- 
tion in Rayleigh-fading channels. But before we present our 
computation results we will first consider two limiting cases: 
A. The Case of Quasi-Stationary Fading 
In this case, the random phase noise due to the fading 
mechanism varies so slowly that its effect on the BER is 
negligible. This means A6 0 and A$ S Aq, that is the 
differential phase noise comes only from the AWGN. This 
slowly fading case also implies that f D  -, 0, so that from (5), 
JO (27r f DT)  approaches unity and 
The pdf f (A$) and the ensuing BER are then controlled by 
the SNR, p ,  and by the IS1 through the parameters C1 and 
C,. It is interesting to note that in this slow fading case, the 
pdf of AQ, the phase difference due only to the AWGN, was 
earlier derived by Tjhung et al. [l], by averaging Pawula's 
formula [8] for the non-faded case, over the Rayleigh multipath 
amplitude. Tjhung et al's result [l] is in a more complicated 
form. However, by performing further algebraic manipulations 
on Tjhung et aL's result [ 13, it can be shown that we will arrive 
at f(Aq5) of (4) with q 5 ~  given by (12). 
B. The Case of an Injinite SNR (Error Rate Floor) 
In this case the differential phase noise comes only from 
the fading process, since the AWGN tends to zero. For very 
large p so that l / p  << CI, (5) can be approximated as 
The pdf f (A$) and the ensuing BER are now independent 
of SNR and governed only by for. The BER in this case 
approaches a conswt or floor value as S N R  + 00. 
W. BER COMPUTATION RESULTS AND DISCUSSIONS 
Using (8x11) we have computed error rates for various 
values of h, BT, and ~ D T .  These are shown in Figs. 4-6. 
Fig. 4 shows BER curves for BT = 1.0, 2.0, and 3.0 as a 
function of &/No, with h set to 0.7, and fDT set to 0.005 and 
O.oOO1. The &,/No parameter is related to the SNR according 
to 
& , / N o  = u:T/N, = (u:/u:) BT = pBT (14) 
where &, = aZT is the average signal energy per bit at the 
receiver input and No is the one-sided power spectral density 
of the AWGN. 
'"I 10 - ~ 
Eb/N,(dB) 
Fig. 4. Theoretical BER curves for h = 0.7, fDT = 0.005 and 0.0001, 
and BT = 1.0, 2.0, and 3.0. 
The curves with fDT = 0.0001 given in Fig. 4 conform 
to the results presented in [l], which were computed only for 
&/No up to 62 dB. Here, we extended the &,/No range to 
120 dB where the BER starts to level off to some constant 
or floor values. 
For lower Eb/N,, say from 10 to 40 dB for f o T  = 0.005 
appearance of the error rate floor, the behaviour of the BER 
is govemed mainly by the usual AWGN. This corresponds to 
the slow or quasi-stationary fading case discussed in Section 
VI-A. As expected, an IF filter bandwidth of BT = 1.0 gives 
the lowest BER, conforming to the well known narrow-band 
FSK performance result in AWGN [8]. 
On the other hand, as Eb/N, becomes very large, the BER 
is governed only by the fading induced phase noise Ab. From 
Fig. 4 we see a reversal of the effect of BT on the BER, 
that is the BER gets larger with decreasing BT's. This can 
be simply explained by the fact that as BT gets smaller, Aq5 
decreases due to ISI. This implies a smaller value for F( A$) 
and therefore, as can be seen from (lo), Pe, cant increases. It 
is to be noted that the contribution to the BER from the click 
through x of (1 1) becomes negligible as &,/No approaches 
infinity. 
Fig. 5 shows BER curves for fixed BT, varying fDT, and 
varying h or frequency deviation fd. Again, for the range 
of .&/No where the effect of AWGN is dominant, the BER 
results conform to the well known narrow-band FSK result [8], 
namely, we have the least BER for h = 0.7. However for very 
large &/No where the effect of fading induced phase noise 
dominates, the error floor increases with decreasing h. This 
is expected since Aq5 decreases and hence the BER increases 
with decreasing h. 
Finally, from Fig. 6 we see that the BER floor increases with 
increasing fDT. This can be explained by looking at the pdf 
f(A$) in Fig. 3, which becomes broadened with increasing 
and from 10 to 70 dB for fDT = 0.0001, before the 
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Fig. 5. " t i c a l  BER curves for BT = 1.0, fDT = 0.005 and 0.0001. 
and h = 0.5, 0.7, and 1.0. 
foT because of a smaller &. Since the range of integration to 
obtain Pe, cant in (10) is fixed from A4 to T, P,, cant increases 
with a broadened f (A$). Physically, this means that the phase 
noise excursion spreads wider with increasing vehicular speed 
and Doppler fi-equency shifi. 
We note that e m  rate floor values for M-ary DPSK and 
M-FSK were given by Kom [7] for various values of ~ D T  
and BT. However, a physical explanation on how fDT and 
BT affect these floor values was missing in [7]. 
Finally, although our closed-form BER formula is applied 
ia this paper only to the bhary FSK case, an extension of 
the application to the general M-ary FSK and M-DPSK is 
StIaightfOlWard. 
VIII. EXPERIMENT 
We measure BER performance using an experimental set- 
up similar to the one used in [l] with the exceptions: a) The 
carrier frequency of the FSK signal was set at 80 MHz, and 
this was down converted to a low IF frequency of 50 kHz; 
b) The output of a Gaussian noise source was added directly 
to the IF signal for setting the desired value of the SNR; and 
c) Limiter-discriminator demodulation was performed using a 
HP 5210A frequency discriminator. 
Measured BER for BT = 1.0, h = 0.7 and various values 
of fDT are shown in Fig. 6 in comparison with the computed 
results. As can be seen the agreement between theory and 
experiment is very good for the range of Ea/N,, values up 
to the appearance of the error rate floor. The measured error 
rate floor values are seen to increase with increasing foT 
values as predicted in the theory. However, the measured error 
rate floor values are higher than the computed results. We 
observed in our experiment that bursts of bit errors which 
occurred during deep fades contributed to these high error 
rate floors. We conjecture that during deep fades, there exists 
27r phase jumps or clicks due to the random phase noise 
attributable to the fading mechanism. It is not straightforward 
to account for this type of clicks since the phasors at two 
instants of time due to the fading process is highly correlated. 
The FM click theory due to Rice [lo] will not hold in this 
case and a click theory for correlated Rayleigh vectors is not 
yet available. 
M. CONCLUSIONS 
In this paper, we have derived a closed-form expression 
for the phase noise distribution contributed from AWGN 
and Rayleigh fading and applied it to the bit error proba- 
bility calculation of narrow-band FSK with LDI detection. 
A closed-form formula is also derived for the FM click 
rate, which is made possible by employing Pawula's 3 bit 
pattern technique [8] to account for the effect of IS1 due 
to band-restriction. We discuss the relative effects of the 
AWGN and the fading induced phase noise on the error 
performance. Moreover, as a new contribution we provide a 
physical explanation, not available in previous publications, 
on how system parameters such as Doppler frequency spread, 
IF filter bandwidth and FM carrier frequency deviation affect 
the error performance. 
APPENDIX A 
CLOSED FORM FOR THE PDF OF A$ 
In our analysis, we combine the Rayleigh multipath with the 
AWGN to form a new Gaussian process. The phase difference 
between the two Rayleigh vectors, arising from this new 
Gaussian process after IF filtering, at two instants of time 
spaced at T apart is denoted by A+ + A$ where A+ is 
the distorted signal phase difference due to modulation and 
A$ = Ab (due to fading)+Aq (due to AWGN). To derive 
the pdf f(A$) of A$, we begin by employing Pawula et d ' s  
pdf formula [4, eq. (B-6)] for the pdf f (A$) with U, V, W, 
and E set to zero to remove the effect of the LOS signal. This 
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results in where Jo( . )  is the zeroth-order Bessel function of the first 
kind. For large BT, that is BT 2 1.0, it has been com- 
monly assumed that the noise n(t) is uncorrelated [8] where 
m(T) 2 0 in (A-13). Therefore, assuming uncorrelated noise, 
we substitute (A-1 1HA-14) into (A-6wA-9) and the results 
into (A-2) and (A-3) to get 
1 - (T2 + P) f ( W  = 47r 
dt 
. JKi2 cost 
-n/2 i1 - {TCOS (A$ + + (All, + A+>} cos ti2 
T = &COSA+ and X = &sinAt#J (A-15) (A-1) 
wh;ere, referring to Fig. 2, T and X are correlation coefficients 
of the in-phase and q " e  p h k  components of the 
Rayleigh vectors VI and V2 dehed by 
where 
(A-16) c,2 - c; h = J O ( 2 T f L m  * J (C1 + l/p)2 - c;
(A-2) 
E{Z122) - E(YlY2) r =  
Jad)%B - d W P { Y 2 2 } '  in which 
(A-17) 
1 
2 
c1 = - . [a2(to) + a2(to - T ) ] ,  
+ j ( a 2 ~ I . 2  sin A4 + a2yr2 COS A4 + yn2). (A-5) 
Next, we apply [ll,  eqs. (2.554(1)) and (2.553(3))] to(A-1) 
and substitute (A-15) into the result to obtain (4) in the main Shce we are ass-g syrmnetrical fading power spec- 
(A-8) 
(A-9) 
E(21Y2) = -E{yiz2} = a(t, - T)a(to)rr(T) sin Acp, 
E{ZlYl} = E{s2y2} = 0. (A-10) 
For Gaussian shaped IF filters with a lowpass equivalent 
transfer function of exp [ - ~ f ~ / 2 ~ ~ ] ,  and symmetrical fading 
power spectra of the form cf/~(fg - f 2 ) o . 5 ;  I f 1  5 fD, the 
autocorrelation €unctions r,-(T), r,.(O), "2') and Tn(0) in 
(A-6HA-10) are given by y = Z+S/2 (B-3) 
. [ f + sin-' (4T cosz) (B-2) 
ng Letti 
rr(T) = J f D  O," - >ei2=fT df = c ; J 0 ( 2 ~ f ~ T )  we get 
- fo  qE-7 
1 - 4% [I? 1 dy + ?/%de/ (A-11) q y  - 7r/2) = 
T,(O) = a: (A-12) 27r e; sin y + 4T ' ITSin-' (4'2" shy) d ]  (B-4) 
00 
rn(T) = 100Noe-"f2/B2d2.fT df = N0Be-"(BTI2 
(A-13) First, we perform integration 
(B-41, in particular, we 
u = sin-' ( 4 ~  sin$/) and ~ ~ ( 0 )  = NoB = e: 
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dv = 6;’ sin y dy. After further algebraic manipulations, we 
get 
incurring much error. By substituting (C-2)-(C-4) into (C-1), 
it is straightforward to show that 
1 tu $(t)  N=- (C-5) I(y - 7r/2) = ___ cy2  dy + 4T 27Tplu-T a2(t) + l / p  dt’ 2x 
. [ S + sin-’ (+T sin y)] . J c y 3  sin y dy 
- /e,’&- cosy { 6;’ sin p dp which was originally derived by Tjhung et al. [l]. For the “Alternating-One-Zero” or “010” bit pattern, it can be shown 
using the results in [8] that 
$(t) = - . 
03-51 
By applying 111, eq. (2.584(38))1 to evaluate the integrals of 
6;’ sin x dx in (B-5) and then resubstituting (B-3) 
into the result and rearranging the terms leads to 
(ncos$?-l)msin$-2mncos$sin$? 
(1 - ncos $?)2 + m2cos2 $ 
(C-6) 
the form T 
and I ( x )  = 0.5 [ x +  4~ sin x 
n- J1 - fj5+ cos2 x 
sin(rh/2) 
. [ + sin-’ (4T cos x) integration . (B-6) a 2 ( t ) =  [ rh/2 ] I ]  +constant 
. [(I - n cos ( 2 ~ t / ~ ) ) ~  + m2 cos2 ( 7 ~ t / ~ ) ]  (c-7) 
Now, the cdf of A+ given by (B-1) can be written as 
where 
F ( A 4 )  = I ( A + )  - I ( - . ) .  (B-7) 
m = 2e-“/8(BT12 . - h2 co t (~h/2) ,  ((2-8) 1 - h2 Substituting (B-6) into (B-7), we get (8) in the main text. 
APPENDIX C 
CLOSED FORM FOR THE AVERAGE NUMBER OF CLICKS TI010 
For large SNR, the average number of “clicks,” fl arriving 
in an interval T taking into account the effects of Rayleigh 
fading is given by [l]  With these, we substitute (C-6) and (C-7) into (C-5) and set 
to = 0. By letting y = 1 - sin2 (Tt/T) and applying [ l l ,  
eqs. (2.282(2)) and (2.212)], we obtain, after some algebraic 
manipulations, the expression 
00 
= 1 N(R)p(R)  dR (c-l) 
in which +(t) is the time derivative of the filtered signal phase 
4(t), R is a Rayleigh distributed random variable with pdf where 
R2/cr? exp [-R2/2cr?]; R 2 0 
elsewhere (C-3) 
and p ( t )  is a time varying signal-to-noise ratio defined by in which 
Strictly speaking, R in (C-4) should be the Rayleigh distributed 
random process denoted by R( t) in (l), and the time derivative 
of S ( t )  in (1) should be added to the &(t) which appears 
in the numerator of the integrand in (C-2). However, since 
we have made a slow-fading assumption such that R(t) and 
S ( t )  vary very slowly compared to variations in a ( t )  and 
+( t ) ,  respectively, we may treat R(t )  as a time invariant 
Rayleigh-distributed random variable and drop S ( t )  without 
(C-11) 
m2-4n I+n P = ,d ) .  
Case I: SNR, p = 00, or a a  = a b  
- 
NlOlO = 0 
J 
(C-12) 
(C-13) 
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Case II: SNR, p < co, or aa # a b  
Applying [ 11, eq. (2.246)] to (C-1 l), we have 
(C-14) 
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